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1 Introduction 



Understanding localized matter distributions in astrophysics, cosmology, and rela- 
tivity has always been a matter of interest since the beginning of general relativity. 
Recognizing the difficulty of handling thick shells within relativity, early authors 
assumed the idealization of a singular surface as a thin shell and tried to formulate 
its dynamics in general relativity [1, 2, 3]. Einstein and Strauss used implicitly the 
concept of a thick shell to embed a spherical star in a FRW universe [4]. The new 
era of intense interest in thin shells and walls began with the development of ideas 
relating to the phase transitions in early universe and the formation of topological 
defects. Again, mainly because of technical difficulties, strings and domain walls 
were assumed to be infinitesimally thin [5]. Interest in thin shells, or hypersurfaces 
of discontinuity, thereafter received an impetus from cosmology of early universe. 
The formulation of dynamics of such singular surfaces [1, 2, 3] was summed up in the 
modern terminology by Israel [6]. In the Sen-Lanczos-Darmois-Israel (SLDI) formal- 
ism, thin shells are regarded as idealized zero thickness objects, with a 5-function 
singularity in their energy-momentum and Einstein tensors. 

In contrast to thin walls, thickness causes new subtleties, depending on how the 
thickness is defined and handled. Early attempts to formulate thickness, mainly 
motivated by the outcome of the idea of late phase transitions in cosmology [7], 
were concentrated on domain walls. Silveira [8] studied the dynamics of a spherical 
thick domain wall by appropriately defining an average radius < R >, and then used 
the well-known plane wall scalar field solution as the first approximation to derive 
a formula relating < R >, < R >, and < R > as the equation of motion for the 
thick wall. Widrow [9] used the Einstein-scalar equations for a static thick domain 
wall with planar symmetry. He then took the zero-thickness limit of his solution 
and showed that the orthogonal components of the energy-momentum tensor would 
vanish in that limit. Garfinkle and Gregory [10] presented a modification of the 
Israel thin shell equations to treat the evolution of thick domain walls in vacuum. 
They used an expansion of the coupled Einstein-scalar field equations describing 
the thick gravitating wall in powers of the thickness of the domain wall around the 
well-known solution of the hyperbolic tangent kink for a A0 4 wall. They concluded 
that the effect of thickness in the first approximation was to effectively reduce the 
energy density of the wall compared to the thin case, leading to a faster collapse of 
a spherical wall in vacuum (see also [11]). Barrabes et al [12] applied the expansion 
to the wall action and integrated it perpendicular to the wall to show that the effec- 
tive action for a thick domain wall in vacuum, apart from the usual Nambu term, 
consists of a contribution proportional to the induced Ricci curvature scalar. 
Renewed interest in walls and branes, specially in higher dimensions, came from 
string theory, mainly because it provided a novel approach for resolving the cosmo- 
logical constant and the hierarchy problems [13]. In this scenario gravitation is lo- 
calized on a brane reproducing effectively four dimensional gravity at large distances 
due to the warp geometry of the spacetime [14] . There are a large number of papers 
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in last years dealing with different properties of thick walls and branes. Most of these 
papers use a solution of Einstein-scalar field equation in n-dimensional spacetime 
representing a codimension-1 or 2 brane, or a smoothing or smearing mechanism to 
modify the Randall- Sundrum ansatz [15]. However, as far as the geometry of the 
problem is concerned- irrespective of the spacetime dimension and the motivation 
for considering a wall or brane- these models are all based on a regular solution of 
Einstein equations on a manifold with specified asymptotic behaviour representing 
a localized scalar field, as it was assumed in early works [16]. 

A completely different method based on the gluing of a thick wall, considered as a 
regular manifold, to two different manifolds on both sides of it, was suggested in 
[17]. The idea behind this suggestion is to understand the dynamics of a localized 
matter distribution of any kind confined within two principally different spacetimes 
or matter phases. Such a matching of three different manifolds appears to have 
many applications in astrophysics, early universe, and string cosmology. It enables 
one to have any topology and any spacetime on each side of the thick wall or brane. 
One may apply it to the dynamics of galaxy clusters and their halos or to a brane in 
any spacetime dimension with any symmetry on each side of it. By definition, such 
a matching is regular and there is no singular surface in this formulation. Therefore 
Darmois junction conditions for the extrinsic curvature tensor on the thick shell 
boundaries with the two embedding spacetimes can be applied. They have applied 
their definition of a thick wall to the special case of a spherically symmetric dust 
thick shell with constant coordinate thickness. Using an expansion scheme in the 
thickness of the shell they were then able to obtain an approximate equation of 
motion for the thick shell in vacuum. 

Our aim is to generalize their formalism and give the basic dynamical equations 
governing a thick codimension-1 brane, relaxing some of their assumptions [17]. 
Specifically, we make no assumption of symmetry or the equation of state of the 
brane matter, and introduce the proper thickness of the wall, instead of using a co- 
moving wall thickness. We then apply our formalism to a dust thick shell immersed 
in vacuum and also in a Friedmann-Robertson-Walker(FRW) spacetime, taking into 
account the peculiar velocity of the dust brane layers with respect to the background 
geometry, in contrast to the previous work where it was neglected [17]. 
The paper is organized as follows. In section 2 we develop a thick wall formalism 
yielding a generic equation to study the evolution of thick shells in curved spacetime. 
In section 3, we apply our formalism to obtain the equations of motion of a spherical 
thick shell of dust matter in vacuum. Section 4 deals with a thick wall in a FRW 
spacetime. We conclude then in section 5. 

Natural geometrized units, in which G — c — 1 are used throughout the paper. The 
two boundary limits of the thick wall are called Ej with j = 1,2. The core of the 
thick wall is denoted by So- For any quantity S let Sq denote S\s . Square bracket 
[F] indicates the jump of any quantity F across Ej. Latin indices range over the 
intrinsic coordinates of E 3 - denoted by and Greek indices over the coordinates of 
the 4-manifolds. 
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2 Modelling the thick wall and its junction con- 
ditions 



The technology of manipulating thin and thick walls in general relativity in arbi- 
trary dimension are basically different. Thin walls can be treated in two different 
but equivalent ways. Either one solves Einstein equations in d + 1 dimension with 
a distributional energy momentum tensor which mimics an infinitesimally thin wall 
carrying some kind of matter ( dark or not dark, including radiation), or one takes 
known solutions of the Einstein equations on every side of the wall and glues them 
to the wall by applying boundary conditions at the wall location. The equivalence 
of these two procedures is not trivial but has been shown rigorously for the gen- 
eral case [18]. Boundary surfaces without any energy-momentum tensor can just be 
considered as a special case. It should be noted that such an equivalence does not 
exist for the codimension-2 walls or defects like strings in 4 spacetime dimension. 
The lack of such an equivalence in the case of thick walls forces us to differentiate 
between various definitions of thick walls or branes. 

Usually for a thick wall, one takes a solution of the Einstein equations representing a 
localized scalar field having a well-defined asymptotic behaviour [10, 11]. Although 
this maybe a reasonable assumption, its application is however limited. We prefer 
to accept another definition, first formalized in [17], being more suitable for different 
applications in astrophysics and string cosmology. However, it must be mentioned 
that a similar approach has been used in [19] for the special case of a spherically 
symmetric thick shell along with an application to a more restricted junction con- 
dition in a two-fluid model of oscillations of a neutron star [20]. 
Now assume a localized matter distribution to be considered as a solution of Ein- 
stein equations on a specific manifold with well-defined boundaries. This 'thick wall' 
is then immersed in a universe which is defined in principle differently on different 
sides of the wall, being infinite in the planar or cylindrical case or compact in the 
spherical case. Therefore, in contrast to the thin wall formalism where one glues two 
different manifolds along a singular hypersurface, our definition of a thick wall leads 
to the problem of gluing three different manifolds along non-singular hyper surf aces. 
Consider a thick wall with two boundaries Si and £2 dividing the space-time man- 
ifold M. into three regions: M._ and A4 + , both outside the wall, and M. w within 
the thick wall itself such that dM- fl dM w = Si and dM w H dM + = S 2 . Treating 
the two surface boundaries S x and S 2 , which separate the manifold M. w from two 
distinct manifolds M._ and M. + respectively, as nonsingular timelike hyper surf aces, 
is equivalent to the continuity of the intrinsic metric h a b and the extrinsic curva- 
ture tensor K a b of Sj , (j = 1, 2) across the corresponding hypersurfaces. In other 
words, there is no distribution of energy-momentum concentrated on the thick wall 
boundaries £j. These crucial requirements have been first formulated in [17]: 
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[hab]=0, J = 1,2, (1) 

[K ab }^0, j = 1,2. (2) 

Note that in principle the boundaries £ could also be space-like. Our restriction to 
time-like ones is just to simplify the formalism as much as possible and if required, 
our formalism maybe trivially applied to space-like cases. Now if we write (2) on Si 
and E 2 separately, and add these two equations, we obtain 



K, 



ab 



-K, 



(ib 



-K, 



ab 



-K, 



ab 



o, 



(3) 



where the superscripts — (+) and w mean that the extrinsic curvature tensor K a b of 
Ei(E 2 ) is evaluated in the regions and Ai w , respectively. For convenience, 

we introduce a Gaussian normal coordinate system (n, £q ) i n the neighborhood of 
the core of the thick shell denoted by E , corresponding to n — 0. Q are the intrinsic 
coordinates of E , and n is the proper length along the geodesies orthogonal to E . 

Let us now expand the extrinsic curvature tensors in a Taylor series around E 
situated at n = 0: 



K, 



ab 



K, 



ab 



+Ej iv- 



dR, 



ab 



S 



+o(V 



(4) 



so ' J dn 

where 2w denotes the proper thickness of the wall, and E\ — — 1 and e 2 — +1- The 
above expansion is justified if the proper thickness of the wall is small relative to the 
radius of curvature (4). Should this assumption not be valid, we either have to go 
to the higher order terms, or to use directly the exact equation (3). The derivative 
of the extrinsic curvature is now given by 

dK ab 



dn 



K ac K c b - R^e^rfn' 



(5) 



where is the normal vector field, and = dx^/dQ are the three basis vectors 
tangent to E . Substituting (4) into (3) and taking into account (5), we arrive at : 



K, 



ab 



So 



-K, 



ab 



+ w ( (K ac K c b - R^e^ b n a n x ) v +(K ac K c b - R^e^n^n 



2(K ac K c b - R^ uX e^n x ) 



So 



0. 



So 

(6) 



This is the basic equation for the dynamics of a thick wall in a curved spacetime, 
written up to the first order in w. While the metrics in M.- and M.+ are usually 
given in advance, knowing the metric in the wall spacetime Ai w , however, requires a 
nontrivial work. Equation (6), or the corresponding exact one (3), is to be considered 
as the generalization of the Israel's thin wall condition [6] to the thick case. We will 
apply it now to particular examples of a spherically symmetric dust thick shell 
in vacuum as well as to a FRW universe in which w is independent of angular 
coordinates. However, (6) is valid for more general cases without spherical symmetry 
where w is not a constant. Furthermore, w in general may be a function of time but 
for the sake of simplicity here we take it to be constant in time. 
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3 Motion of a spherical thick dust shell in vacuum 



As the first example we consider a thick dust shell in vacuum. We first derive 
the basic exact equations underlying the dynamics and expand it in powers of the 
thickness, and then calculate the peculiar velocity and its impact on the collapse 
of the shell following by a comparison to the thin shell limit already known. We 
constrain our calculations to the special case of motion of a shell represented by an 
LTB solution where no shell crossing occurs [21]. 



3.1 Equations of motion 



Consider a spherically symmetric dust thick shell immersed in vacuum. The space- 
time exterior to the shell is Schwarzschild, and the interior is taken to be the 
Minkowski flat spacetime: 



ds 2 
ds 2 



out 



= -fdt\ + f l dr\ + r\ (d9 2 + sin 2 9dp 2 ), 
= -dt 2 _ + dr 2 _ + r 2 _[dQ 2 + sin 2 6dp 2 ), 



(7) 
(8) 



where f — 1 — (2M/V+), M being the mass of the thick shell. To allow for the 
inhomogeneity of the mass distribution within the shell, we take its metric to be 
that of the Lemaitre-Tolman-Bondi(LTB). In the synchronous comoving coordinates 
(t, r, 6, ip), the LTB metric takes the following form [21]: 



ds' 



-dt 2 + 



R' 2 



1 + 2E(r) 



dr 2 + R 2 (r,t)(d9 2 + sin 2 6dp 2 ), 



(9) 



where the prime denotes the partial differentiation with respect to r, and E(r) is 
an arbitrary real function such that E(r) > —(1/2) and R' > ( because of the no 
shell crossing condition). The corresponding Einstein field equations then turn out 
to be 



R 2 (t,r) = 2E(r) + 



2M(r) 



p(t,r) 



M'(r) 



(10) 



R rK "'' J R 2 R' ' 

where p(t,r) is the energy density of the dust fluid in A4 W , and M(r) is another 
arbitrary real smooth function interpreted as the mass. 

Let us now proceed to apply (6) in order to investigate the evolution of the spherical 
thick shell described above. The angular component of (6) for the thick shell in 
vacuum is given by 



Ka 



out 
So 



So 



+w [KgeKi " +(KeeK - R e „exn a n x ) 



So 

2(KeeK, 



S„ 



out 
So 

= 0. 



6 



The corresponding time component of (6) is 



out 



+w ( K TT K T T +(K T tK t t - R il0 - vX n°n x v! x u v ) 



out 



2{K TT K; - R^ x n°nW) ^ ) = 0, 



(12) 



where w M is the four velocity tangent to S . Armed with (11) and (12), we are now 
in a position to write down explicitly the equation of motion of the thick shell. Note 
that the four velocity w M and the normal vector n M on the spherical thick shell's core 
S for the Schwarzschild and LTB spacetimes are, respectively 





out 








So 




out 


n" 






So 




w 


u» 






So 




w 








So 



(t + ,R, 0,0) 



So' 



(i,r, 0,0) 



So' 



/ • VI + 2E. N 
vot, — 1,0,0 



So' 



(13) 



(14) 



where the dot denotes the derivative with respect to the proper time tq on So, and 
v o is the peculiar velocity of S relative to the LTB geometry defined as 



R' dr 
V °~ y/T+2Edt 



and is related to the Lorentz factor in the LTB geometry as 

1 



t 



So 



(15) 



(16) 



Note that the definition of the peculiar velocity, (15), ceases to be valid for a thin 
shell, in which dr/dt = 0. Relevant components of the Riemannian curvature tensor 
for the Schwarzschild spacetime are 



RdrrQ — 



M 



fr+ ' 

and for the LTB spacetime are 

Rerr-e = 
Rtrrt ~ 

Rem = 



R 



trrt 



2M 

13 ' 



R 



ette 



Ml 



(17) 



-RR' 



1 + 2E) 
R' 



( R ,t R [t ~ E> ) ) 



l + 2E R ' tt ' 

RR,tt ■ 



(18) 
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The components of the extrinsic curvature tensor on S evaluated with respect to 
the relevant regions are given by 



in 
So 
w 
So 
out 



1 

Rq 



l + Ro , 



2M n 



o 



1 

Rq V " -Ro 



• 2 2M 



(19) 



and 



in 
So 

w 
So 

out 
So 



Rn 



l + i?o 



l + ^o 

R + 



2M 
Ro 



M 
R?, 



l + R 



2M 
Ro 



(20) 



Substituting (13-20) into (11) and (12), after some manipulations we end up with 
two independent equations written up to the first order of w/ Rq as follows: 



1 + R 



I -2 2M 8ttw0 O R o M - 2M 

1 + Rq — = — ; 7i W 



R 



and 



(a — j3)R = — ~2 — wa(3 

Rq 



Rl 







+ 



(Rq + #) 2 



Rq 

2(M - 2M ) 



(21) 



1 + Ri l + R 2 - 



Ro 



R 



2(^ + ^ + 4^^) 



Po v l \2 



\ 



1 + R 2 _ 2Mo 



87rp 



(22) 



/ 



where for convenience we have defined 



a = \j 



l + Ro 



P 



• 2 2M 
l + Ro - 



Ro 



(23) 



The peculiar velocity vq can also be written in an explicit form. The angular com- 
ponent of the extrinsic curvature of S in the Gaussian normal coordinate is 



]_dR 
R dn 



1_ fdRd^ + dRdr^ 
R\dtdn dr dn 



t 

R 



(vR >t + Vl + 2E) 



So' 



(24) 
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where we have used (14). On the other hand one can write 



R = i(R, t + vVl + 2E) . (25) 

So 

Eliminating t from (24) and (25) and using the expression (19) for Kg evaluated 
with respect to LTB geometry we deduce the following formula 

pJ2E + ^ - R VI + 2£ , x 

= . , — —= , 26 

which is valid only for the shells of finite thickness. Equations (21) and (22) together 
with (26) are the dust thick shell equations of motion written up to the first order 
in terms of the shell's proper thickness. Given the initial data Rq(0), -Ro(O), E , M , 
and w, one can in principle solve this set of differential equations to determine the 
time evolutions of the proper radius -Ro(to) and and the mass density po of the thick 
shell's core. 



3.2 Impact of thickness and the thin wall limit 

In order to investigate the impact of the proper thickness as well as the peculiar 
velocity on the dynamics of the shell we take a closer look at (21). For the sake of 
comparison to the thin wall case, we write down the following relation between the 
surface energy density of the dust thin shell and the energy density of the dust thick 
shell evaluated on S up to the first order in w: 

/w 
pdn~2wp + o(w 2 ). (27) 
-w 

Now, assuming v <C 1, the (21) can be written as: 

a -(3 = 4vra.Ro, (28) 
where we have singled out an effective surface density a defined by 

/ „ M-2M \ , . 

*=H 1+l, ° ffi ^n- (29) 

Equation (28) has the well-known form of the dynamics of a spherical thin shell with 
the effective surface energy density a [6, 22]. 

The zero thickness limit of the shell is therefore defined by w — > and v — > 0, 
as mentioned in the paragraph following (16). Note that in this limit the density p 
blows up while the integral (27) remains fixed, so that all the information of internal 
structure of the shell is squeezed in the surface energy density a. Taking this limit, 
(28) reduces to the familiar equation of motion for the dust thin shell in vacuum 
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R 



2 




[6, 22]. The case of vanishing peculiar velocity, i.e. if the shell's core is comoving 
with the LTB expansion (v = 0), is specially easy to discuss. Assuming M > 2M , 
which is usually the case, we have a < a. Solving (28) for R 2 , we get 

^ = 4 ^ + 16^ + ^- L (30) 

We now focus our attention on the dependence of -Rq on a for a given shell's radius 
Ro and a given initial value for M to see how the thickness affects the collapse 
velocity. Taking into account R > 2M, which means roughly that the radius of the 
shell's core is greater than its Schwarzschild radius, we obtain for the zeros of Rq 
(Figure 1): 

1 ± m _ /fTf 

~2 _ go V Ro /oi\ 

The branch < a < er+, leading to Rq < 0, is not physical. The branch a > a + 
corresponds to the equation a+f3 = 4tt(xR, arising from the process of squaring (28), 
turns out to be irrelevant to our problem, as we are just considering the ordinary 
centered shells (black hole type matching) [23]. We are left, therefore, with the 
branch corresponding to a < a_ in which Rq is a decreasing function of a. Hence, 
for a comoving S (vq = 0), having a < a, the thickness in the first order leads to a 
faster collapse of the thick shell relative to a thin shell in vacuum. This corresponds 
to the case discussed in [17]. While for a S with a small peculiar velocity with 
respect to the LTB background, the effective energy density a tends to increase 
leading to a slowdown of the collapse velocity of the shell relative to a comoving 
one. 



10 



4 Motion of a spherical dust thick shell in a FRW 
spacetime 

Dust thick shells embedded in FRW space times may have different applications. 
The dynamics of great wall in astrophysics, supernovae envelopes, and voids are just 
few examples. It is different from the vacuum case as the space time is not any more 
asymptotically Minkowski. The dynamics of FRW in and outside of the shell makes 
it necessary to take care of the peculiar velocity relative to both FRW space times 
which make the calculation lengthier. 

4.1 Equations of motion 

Consider a spherically symmetric thick shell of dust matter separated by two differ- 
ent dust-filled FRW spacetimes whose metrics are given by 



ds 2 
ds 2 



dxln + r in {Xinf{dd 2 + sin 2 9d^ 



(32) 



out 



= -dt 2 out + a out (t out ) 2 (dxlut + r out ( X out) 2 (d9 2 + sin 2 6d V 2 )) , (33) 



where 



r(x) 



sinx (k — +1, closed universe), 
X (k — 0, flat universe), 
sinhx (k = —1, open universe)- 



(34) 



The spacetime of the thick dust shell itself is again described by a LTB metric (9). 
We have to write down first the relevant components of the (6). The four- velocity 
and the normal vector n M on the spherical thick shell's core S measured by the 
FRW observers on both sides of the shell are, respectively, given by 



u' 



n> 



in /out 
So 

in /out 
So 



(*,x,o,o) 



in / out 



So 



(ax, -,0,0) 
a 



in /out 
So 



(35) 



Dots denote again the derivative with respect to the proper time r on S . The 
relevant components of the Riemann curvature tensor for the FRW spacetime are 



RdrrB 


in /out 


2 2/ 

—ar( 


Rette 


in /out 


2 d 2 a 






Rtrrt 


in /out 


d 2 a 







da. 
It' 



in /out 



in/ out 



(36) 
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Following components of the extrinsic curvature tensor for the interior and exterior 
FRW metrics evaluated on S are also required: 



Kl 



in I out 
So 

in I out 
So 



^in/out 

~rT 







/ • 2 87T.Ro 
1 + JXq Pin/out 



(37) 



Rq + Pin /out + ^RoPin/outJZ^ 



in j out 



in/out 



l + Ro 



SttRq 

3 l J tn/out 



(38) 

The standard junction, we are using, corresponds to (dx/dn) > 0. Therefore, we 
have [23, 24]: 



^in/out sgn 



dr 
dx 



+ vHR 



in I out 
So ' 



(39) 



where Vi n and v ou t represent the peculiar velocities of So relative to the expansion 
in the interior and exterior FRW spacetimes, respectively. These can be computed 
in the same way as was done for vq in (26): 

RoHi n / out Ai n / out — Rq 



where we have defined 



Win/ out 



A . 



RoRoHin/out Ain/out 



(40) 



l + ^o 



87Ti^ 



^out 



l + ^o - 



ZitRl 



'Pout 



(41) 



Combining all these results, we get the following final form for the angular and time 
component of (6) written up to the first order in w, 



^in-A-in ^out^-out 



(An — A out )Ro 



8nR wpo 
~ L 

AttR 
3 

4nR 
3 



+ w 



2M 



— Rn 



+ 



H. 



out 



v out, 



2 v in , _ 2 v 2 ut 



1-v 



+ Pout 



1-V 2 



out , 



A utPin 



1 + 2vl 



— A in p, 



l + 2v 



2 N 
out 



out' 



J out 



in^-out 



A 



-2 



4tt 1 

Rq + -^-RoPin — 



2vl 



+ A out K + —ti^Pout 



out 



3 ' 1 
2(R + ^ + 4nR ^y 



v out 



1 + Rl 



2Mq 

Rq 



4M 

—53- + 87rpo 



R 



(42) 



(43) 



12 



Once we know the FRW solutions in M.i n / ut (i-e., H in / out and Pm/mit), we can solve 
in principle the set of equations (42-43), (40), and (26) for the given initial conditions 
i?o(0), -Ro(O), E , F , and constant w, to determine the time evolutions of the proper 
radius -Ro( r o) an d mass density po of the thick shell's core. Note that the solutions 
in Aii n / ou t are expressed in terms of the cosmic times t in / out , hence one needs to take 
into account the following equation: 



dt in I out 



dr V /T^2 



(44) 



in/ out 



4.2 Impact of thickness and the thin wall limit 

Let us now look at the effects of the thickness on the evolution of the shell in FRW 
spacetimes. Using (27) and assuming ?; C 1 we rewrite (42) in the following familiar 
form: 

/ • 2 StI / • 2 StI 

e in \l 1 + Rq - —Rlpin ~ £out\l 1 + Rq - -jRlpout = 47TCri? , (45) 

where we have again introduced an effective surface energy as 
a = a [ 1 + V ° + 2^Rl 

< + jSat + - « + - Hout ~ » t . ^ 



w ( H in + H 2 out + 4n Pin 2 - v] n , 47rp out 2 - v 2 
Ana\l-v 2 n l-v 2 ut 3 1 - v in ■> .. - - „,„ 



Equation (45) is identical to the equation of motion of a thin shell with the effective 
surface energy density a playing the role of a. In fact, taking the zero thickness 
limit w — > and v — > 0, we see that (45) reduces to the equation of motion for a 
thin shell gluing two different FRW spacetimes obtained by Maeda [25] and Berezin 
et al, [26]. 

Depending on the relative magnitudes of the different terms on the right hand 
side of (46), coming from the shell itself and the surrounding media A4i n / ou t, we 
may have a < a, or vice versa. Proceeding exactly in the same manner as before, 
we solve (45) for Rq and obtain 



R 2 o( po-Pi) 2 4tt 
9a 2 3 



R 2 = An 2 R 2 a 2 + — " ^ + ^-Rl{p + fH) - 1 . (47) 



The zeroes of Rq are 



l l-f/gg( A + Po )± v /(l-f ^)(l - 8 fR 2 Po ) 
" ' ~ 8n 2 R 2 



a ± = ^Z77^ • ( 48 ) 



It is easily seen that in the case of a > a + the solution (47) in which Rq increases 
with a, belongs to (45) with e out = — 1 (Figure 1). According to (39) this case 
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may happen in a closed universe k out = +1 with dr/dx < 0, and in a flat or open 
universe whenever the peculiar velocity v out of S is negative and the radius Rq 
is greater than the Hubble radius H~^ t . Then, depending on a < a or a > a, a 
comparison to the thin shell case shows that the effect of the first order corrections 
due to the shell's thickness is to slowdown or speed up the shell's core motion. The 
case 5"_ < a < a + is not physical because of the relation Rq < 0. Finally the case 
a < 5"_ in which Rq is a decreasing function of a, corresponds to (45) with e out = +1 
implying a slowdown of the shell for larger values of a. Thus, if the outer bracket 
in the (46) is smaller (greater) than one, then we may say that the effect of the first 
order corrections to the thin shell approximations is to speed up (down) the shell's 
core motion. 

5 Conclusion 

The dynamics of a thick wall embedded in curved spacetimes has been studied in a 
more general setting than our previous work [17]. This was achieved by imposing 
the Darmois junction conditions on boundaries of a codimension-1 wall with two 
embedding spacetimes of any dimension. Using an expansion scheme for the extrinsic 
curvature tensor of the wall boundaries in terms of its proper thickness, we have 
then obtained the general equation (6) describing the evolution of the wall's core 
embedded in the n-dimensional spacetime. Our treatment is valid for those walls 
or branes whose thickness are small compared to their curvature radius. We have 
exemplified our formalism in two different cases of walls immersed in vacuum and 
walls immersed in FRW spacetimes. Taking the spacetime within the wall itself to 
be inhomogeneous of the LTB-type, in both cases the peculiar velocity of the wall's 
core relative to the LTB metric of the wall turns out to play an important role. 
We have written down the equations of motion for the wall, up to the first order of 
the proper thickness, and it was shown in both cases that in the limit of the thin wall 
we obtain the known results of the corresponding thin walls. In fact the equations 
of motion could be written in a form similar to the thin wall cases with an effective 
surface density. In the case of a wall immersed in vacuum, it turns out that the 
effect of the proper thickness w is to speed up the collapse of the comoving spherical 
dust shell, while the first order peculiar velocity correction tends to decrease the 
collapse velocity. In the case of a dust thick shell immersed in FRW spacetimes, the 
first order effect of the thickness is much more complicated, depending on different 
parameters coming from the FRW spacetimes on both sides of the shell and the LTB 
spacetime of the shell itself. 

The formalism presented is quite general. It can be applied to any other type of the 
wall or brane, such as gravitating domain walls in curved spacetime having a planar 
or spherical symmetry or thick branes in brane cosmology, given that the geometry 
of the wall itself is known. 
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